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Powers of the Adjacency Matrix

A =

0

BBBBBB@

1 2 3 4 5 6

1 0 1 0 0 1 0
2 1 0 1 0 1 0
3 0 1 0 0 0 0
4 0 0 0 0 1 1
5 1 1 0 1 0 0
6 0 0 0 1 0 0

1

CCCCCCA

Ak = A⇥A . . .⇥A| {z }
k times

is called the k-th power of the adjacency matrix
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A2 =

0

BBBBBB@

1 2 3 4 5 6

1 2 1 1 1 1 0
2 1 3 0 1 1 0
3 1 0 1 0 1 0
4 1 1 0 2 0 0
5 1 1 1 0 3 1
6 0 0 0 0 1 1

1

CCCCCCA
A3 =

0

BBBBBB@

1 2 3 4 5 6

1 2 4 1 1 4 1
2 4 2 3 1 5 1
3 1 3 0 1 1 0
4 1 1 1 0 4 2
5 4 5 1 4 2 0
6 1 1 0 2 0 0

1

CCCCCCA
A4 =

0

BBBBBB@

1 2 3 4 5 6

1 8 7 4 5 7 1
2 7 12 2 6 7 1
3 4 2 3 1 5 1
4 5 6 1 6 2 0
5 7 7 5 2 13 4
6 1 1 1 0 4 2

1

CCCCCCA

Theorem:
If G is a graph with adjacency matrix A, and vertices
with indices 1, . . . , n then for each positive integer k

the ij-th entry of Ak

is
the number of di↵erent walks using exactly k edges

from node i to node j
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A2 =

0

BBBBBB@

1 2 3 4 5 6

1 2 1 1 1 1 0
2 1 3 0 1 1 0
3 1 0 1 0 1 0
4 1 1 0 2 0 0
5 1 1 1 0 3 1
6 0 0 0 0 1 1

1

CCCCCCA
A3 =

0

BBBBBB@

1 2 3 4 5 6

1 2 4 1 1 4 1
2 4 2 3 1 5 1
3 1 3 0 1 1 0
4 1 1 1 0 4 2
5 4 5 1 4 2 0
6 1 1 0 2 0 0

1

CCCCCCA
A4 =

0

BBBBBB@

1 2 3 4 5 6

1 8 7 4 5 7 1
2 7 12 2 6 7 1
3 4 2 3 1 5 1
4 5 6 1 6 2 0
5 7 7 5 2 13 4
6 1 1 1 0 4 2

1

CCCCCCA

Example :
Consider the two vertices with index 4 and 5 in 𝐴!

Length 4 walks:
1) 4 -> 5 -> 1 -> 2 -> 5
2) 4 -> 5 -> 2 -> 1 -> 5

There are 2 walks of length 4. 
Furthermore, 𝐴!"! =2. 

A =

0

BBBBBB@

1 2 3 4 5 6

1 0 1 0 0 1 0
2 1 0 1 0 1 0
3 0 1 0 0 0 0
4 0 0 0 0 1 1
5 1 1 0 1 0 0
6 0 0 0 1 0 0

1

CCCCCCA
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Algorithm for All-Pairs Shortest Path

Weighted Graph G with weights on edges:

• What is the distance (=length of the 
shortest path) between A and L ?

17

Generalization:
• What are the distances of 

ALL paths (=lengths of ALL 
shortest paths) between all 
pairs of nodes?

… and how can we find all 
these distances? 5



The Edge Weight Matrix W

Definition:

Wij =

8
><

>:

the weight of the edge (i, j) if the edge (i, j) exists

0 if i = j

1 else

Example:

W =

0

BBBBBBBBB@

1 2 3 4 5 6

1 0 1 1 1 2 1
2 1 0 2 1 4 1
3 1 2 0 1 1 3

4 1 1 1 0 6 1

5 2 4 1 6 0 1
6 1 1 3 1 1 0

1

CCCCCCCCCA

Note: Matrix W has entries 
corresponding to infinity, as it might 
be impossible to reach vertex j from 
vertex i via 1 edge.

We assume all weights are not 
negative, i.e.,  larger or equal to 0.

Interpretation:
Wij is the distance from vertex i to vertex j using maximally 1 edge

weights are depicted in red
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A modified Matrix-Matrix Multiplication

0

@
1 0 2
1 2 4
3 1 2

1

A�

0

@
1 2 3
4 5 2
1 2 5

1

A =

0

@
2 3 2
2 3 4
3 4 3

1

A

M �N = R

Note: this operation is very similar to the 
standard matrix-matrix multiplication: however, 
for computation of the ij-th entry the 
multiplication is replaced by addition, and 
addition is replaced by the minimum operation.

Definition:
rij = mink{mik + nkj}

Example:
r33 = min{3 + 3, 1 + 2, 2 + 5} = 3 7



Theorem:
If G is a weighted graph with edge weight matrix W ,
and vertices with indices 1, . . . , n then for each positive
integer k

the ij-th entry of W k = W �W � . . .�W| {z }
k times

is
the length of the shortest path from i to j

using maximally k edges
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Examples :
Consider the two vertices with index 4 and 1 in 𝑊!

Shortest Path using maximally 4 edges:
4 -> 6 -> 3 -> 2 -> 1 (distance 7)

W 2 =

0

BBBBBBBBB@

1 2 3 4 5 6

1 0 1 3 8 2 1
2 1 0 2 10 3 5

3 3 2 0 4 6 3

4 8 10 4 0 6 1

5 2 3 6 6 0 7

6 1 5 3 1 7 0

1

CCCCCCCCCA

W 3 =

0

BBBBBBBBB@

1 2 3 4 5 6

1 0 1 3 8 2 6

2 1 0 2 6 3 5

3 3 2 0 4 5 3

4 8 6 4 0 6 1

5 2 3 5 6 0 7

6 6 5 3 1 7 0

1

CCCCCCCCCA

W 4 =

0

BBBBBBBBB@

1 2 3 4 5 6

1 0 1 3 7 2 6

2 1 0 2 6 3 5

3 3 2 0 4 5 3

4 7 6 4 0 6 1

5 2 3 5 6 0 7

6 6 5 3 1 7 0

1

CCCCCCCCCA

Consider the two vertices with index 5 and 3 in 𝑊!

Shortest Path using maximally 4 edges:
5 -> 1 -> 2 -> 3 (distance 5)

W =

0

BBBBBBBBB@

1 2 3 4 5 6

1 0 1 1 1 2 1
2 1 0 2 1 4 1
3 1 2 0 1 1 3

4 1 1 1 0 6 1

5 2 4 1 6 0 1
6 1 1 3 1 1 0

1

CCCCCCCCCA

9



W 2 =

0

BBBBBBBBB@

1 2 3 4 5 6

1 0 1 3 8 2 1
2 1 0 2 10 3 5

3 3 2 0 4 6 3

4 8 10 4 0 6 1

5 2 3 6 6 0 7

6 1 5 3 1 7 0

1

CCCCCCCCCA

W 3 =

0

BBBBBBBBB@

1 2 3 4 5 6

1 0 1 3 8 2 6

2 1 0 2 6 3 5

3 3 2 0 4 5 3

4 8 6 4 0 6 1

5 2 3 5 6 0 7

6 6 5 3 1 7 0

1

CCCCCCCCCA

W 4 =

0

BBBBBBBBB@

1 2 3 4 5 6

1 0 1 3 7 2 6

2 1 0 2 6 3 5

3 3 2 0 4 5 3

4 7 6 4 0 6 1

5 2 3 5 6 0 7

6 6 5 3 1 7 0

1

CCCCCCCCCA

W 5 =

0

BBBBBBBBB@

1 2 3 4 5 6

1 0 1 3 7 2 6

2 1 0 2 6 3 5

3 3 2 0 4 5 3

4 7 6 4 0 6 1

5 2 3 5 6 0 7

6 6 5 3 1 7 0

1

CCCCCCCCCA

W =

0

BBBBBBBBB@

1 2 3 4 5 6

1 0 1 1 1 2 1
2 1 0 2 1 4 1
3 1 2 0 1 1 3

4 1 1 1 0 6 1

5 2 4 1 6 0 1
6 1 1 3 1 1 0

1

CCCCCCCCCA

W 6=W 2 6=W 3 6=W 4=W 5=W 6= . . .

Assume all edge weights are not negative. The number of edges needed for a shortest path can 
maximally be n-1, where n is the number of vertices in the graph. If the path would go via n edges, 
then you would have to visit at least one vertex twice, but then the path cannot be a shortest path 
anymore. Obviously 𝑊! = 𝑊"#$ for all k>n-1.

Answer: n� 1 (which is identical to |V |� 1)

Which value of k is necessary, in order to have W k

contain all the pairwise distances of all vertexes?
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Lemma:
If G is a weighted graph with edge weight matrix W ,
and vertices with indices 1, . . . , n then

the ij-th entry of Wn�1 = W �W � . . .�W| {z }
n � 1 times

is
the distance from i to j

D := Wn�1 is called the distance matrix of the graph G.
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Computation of the Distance Matrix by Repeated Squaring

Wn�1 =

0

BBBBBBBBBBBBBBBB@

0

BBBBBBBBBBB@

0

BBBBBB@

0

B@(W �W )| {z }
W 2

�W

1

CA

| {z }
W 3

�W

1

CCCCCCA

| {z }
W 4

�W

1

CCCCCCCCCCCA

| {z }
W 5

� . . .�W

1

CCCCCCCCCCCCCCCCA

| {z }
Wn�1

W (2k) =

0

BBBBBBBBBBB@

0

BBBBBBBBBBB@

0

BBBBBB@

0

B@(W �W )| {z }
W 2

1

CA

2

| {z }
W 4

1

CCCCCCA

2

| {z }
W 8

1

CCCCCCCCCCCA

2

. . .

1

CCCCCCCCCCCA

2

| {z }
W (2k)

n-2 matrix-matrix multiplication are needed in 
order to compute the distance matrix 𝐷 = 𝑊"#$

k matrix-matrix multiplication are needed (namely 
squaring a matrix k times) in order to compute the 
matrix            

2!has to be larger or equal to n-1, or equivalently, 
k has to be larger or equal to log%(𝑛 − 1)

W (2k)

Example: Consider a graph G with 101 vertices. In order to compute the distance matrix D = 𝑊$&&, the left 
approach needs to make 99 matrix-matrix multiplications. The right approach (called repeated squaring) 
requires only 7 matrix-matrix multiplications, as 2' = 128, and D = 𝑊$%( = 𝑊$&&
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Another Application of the Distance Matrix: 
Predicting Boiling Points of Paraffins

In 1947 Harry Wiener defined the Wiener-Index of a graph G in order to predict the 
boiling point of different paraffins. He used the graph representation G of the 
carbon backbone of a molecule with n carbon atoms and calculated the Wiener-
Index the sum of all distances between all pairs of vertexes, i.e. 

He predicted the boiling point 𝑡/ to be

W(G) =
1

2

nX

i=1

nX

j=1

Dij

tB = t0 �
✓
98

n2
(w0 �W(G)) + 5.5 · (p0 � p)

◆

with t0 = 745.42 · log10(n+ 4.4)� 689.4

w0 =
1

6
· (n+ 1) · n · (n� 1)

p0 = n� 3

p = the number of shortest paths i ! . . . ! j of length 3 in G with i < j

= half of the number of entries ”3” in the distance matrix D 13



Wiener Index : Boiling Point Prediction, Example (2,2-dimethylbutan)

1
4 6

5
2

3 W =

0

BBBBBBBBB@

1 2 3 4 5 6

1 0 1 1 1 1 1
2 1 0 1 1 1 1
3 1 1 0 1 1 1
4 1 1 1 0 1 1

5 1 1 1 1 0 1
6 1 1 1 1 1 0

1

CCCCCCCCCA

D = Wn�1 =

0

BBBBBBBBB@

1 2 3 4 5 6

1 0 2 1 2 2 3

2 2 0 1 2 2 3

3 1 1 0 1 1 2

4 2 2 1 0 2 1

5 2 2 1 2 0 3

6 3 3 2 1 3 0

1

CCCCCCCCCA

W(G) =
1

2

nX

i=1

nX

j=1

Dij = 28

t0 = 68.72

w0 =
1

6
· 5 · 6 · 7 = 35

p0 = 6� 3 = 3

p = 3

The chemical compound

The carbon backbone
Graph G Edge Weight Matrix

Distance Matrix
Calculation of Wiener Index and other parameters, 
as well as the resulting boiling point prediction.

Note: Depending on how you chose to label your graph, the edge 
weight matrix might look different. This won’t matter for the 
subsequent calculations.
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Wiener Index : Boiling Point Prediction, Example (2,2-dimethylbutan)

Predicted Boiling Point: tB = 49.66

Real Boiling Point: trealB ⇡ 49.7� 50.0

The prediction of boiling points of paraffins based on the Wiener-Index of the 
corresponding molecular graph is amazingly accurate. Try it yourself (see 
exercises)! Intuitively, the Wiener-Index quantifies the “compactness” of a graph 
(or molecule). Long single chained molecules with n carbons have a larger 
Wiener-Index than molecules that contain many branches. Long molecules tend 
to align nicely, and have usually a higher boiling point.  

15
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Iterative Methods

• Iterative methods for
• Finding roots
• Finding matrix inverse
• Solving systems of linear equations
• …

17



The 2018 winner: Charles Francis Van Loan

The topic of this lecture is based on his speech 
when receiving the award (Sept 2018).
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Linear Algebra Applications 

19

Based on:

A.N. Elmachtoub, C.F. Van Loan (2010), From random polygon to 
ellipse: an eigenanalysis, SIAM Rev. 52, 151–170. 

John von Neumann prize lecture, Sept 2018, for C.F. van Loan
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A random polygon (5 points)
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Connecting the midpoints

22



New polygon

23



One step. This obviously can be repeated.

24



One Step in Vector Terminology

25

Assume the following five points define a close polygon: (x1, y1), (x2, y2), (x3, y3), (x4, y4), (x5, y5)
<latexit sha1_base64="h9vTCLW1rIwPgyNFaVvLJ2I89cI=">AAACGnicbZC7SgNBFIbPxluMt1VLmyVBSDCE3VzQMmhjGcFcIFmW2ckkGTJ7YWZWXEKew8bCF7GxUMRObHwbJ5sUmvjDwMd/zuHM+d2QUSFN81tLra1vbG6ltzM7u3v7B/rhUUsEEcekiQMW8I6LBGHUJ01JJSOdkBPkuYy03fHVrN6+I1zQwL+VcUhsDw19OqAYSWU5upW/d6xi7FiFoqKyonJCFUWVhKqKqgnVFNUKjp4zS2YiYxWsBeTq2d7ZEwA0HP2z1w9w5BFfYoaE6FpmKO0J4pJiRqaZXiRIiPAYDUlXoY88IuxJctrUOFVO3xgEXD1fGon7e2KCPCFiz1WdHpIjsVybmf/VupEcXNgT6oeRJD6eLxpEzJCBMcvJ6FNOsGSxAoQ5VX818AhxhKVKM6NCsJZPXoVWuWQpvlFpXMJcaTiBLOTBgnOowzU0oAkYHuAZXuFNe9RetHftY96a0hYzx/BH2tcPfpmdpA==</latexit><latexit sha1_base64="YP9CRa4BiPzOdStBt9x8Ub9Vu80=">AAACGnicbZDLSsNAFIYnXmu9RV26GVqEFktJekGXRTcuK9gLtCFMppN26OTCzEQMoW8huPFV3LhQxJ246ds4TbvQ1h8GPv5zDmfO74SMCmkYU21tfWNzazuzk93d2z841I+O2yKIOCYtHLCAdx0kCKM+aUkqGemGnCDPYaTjjK9n9c494YIG/p2MQ2J5aOhTl2IklWXrZuHBNkuxbRZLiiqKKilVFVVTqimqpVRXVC/aet4oG6ngKpgLyDdy/fPHaSNu2vpXfxDgyCO+xAwJ0TONUFoJ4pJiRibZfiRIiPAYDUlPoY88IqwkPW0Cz5QzgG7A1fMlTN3fEwnyhIg9R3V6SI7Ecm1m/lfrRdK9tBLqh5EkPp4vciMGZQBnOcEB5QRLFitAmFP1V4hHiCMsVZpZFYK5fPIqtCtlU/GtSuMKzJUBpyAHCsAEF6ABbkATtAAGT+AFvIF37Vl71T60z3nrmraYOQF/pH3/AIgDnyo=</latexit><latexit sha1_base64="YP9CRa4BiPzOdStBt9x8Ub9Vu80=">AAACGnicbZDLSsNAFIYnXmu9RV26GVqEFktJekGXRTcuK9gLtCFMppN26OTCzEQMoW8huPFV3LhQxJ246ds4TbvQ1h8GPv5zDmfO74SMCmkYU21tfWNzazuzk93d2z841I+O2yKIOCYtHLCAdx0kCKM+aUkqGemGnCDPYaTjjK9n9c494YIG/p2MQ2J5aOhTl2IklWXrZuHBNkuxbRZLiiqKKilVFVVTqimqpVRXVC/aet4oG6ngKpgLyDdy/fPHaSNu2vpXfxDgyCO+xAwJ0TONUFoJ4pJiRibZfiRIiPAYDUlPoY88IqwkPW0Cz5QzgG7A1fMlTN3fEwnyhIg9R3V6SI7Ecm1m/lfrRdK9tBLqh5EkPp4vciMGZQBnOcEB5QRLFitAmFP1V4hHiCMsVZpZFYK5fPIqtCtlU/GtSuMKzJUBpyAHCsAEF6ABbkATtAAGT+AFvIF37Vl71T60z3nrmraYOQF/pH3/AIgDnyo=</latexit><latexit sha1_base64="85C+HEY07AzD+jCrSJRLqtwki4w=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyxCC6VMekGXRTcuK9gLtGXIpJk2NHMhyYjD0Odw46u4caGIO3Hj25hOZ6GtPwQ+/nMOJ+d3Qs6ksqxvY219Y3NrO7eT393bPzg0j447MogEoW0S8ED0HCwpZz5tK6Y47YWCYs/htOtMr+f17j0VkgX+nYpDOvTw2GcuI1hpyzZR8cFG5dhGpbKmqqZqSjVNtZTqmuopNTQ1SrZZsCpWKrgKKIMCyNSyzc/BKCCRR31FOJayj6xQDRMsFCOczvKDSNIQkyke075GH3tUDpP0tBk8184IuoHQz1cwdX9PJNiTMvYc3elhNZHLtbn5X60fKfdymDA/jBT1yWKRG3GoAjjPCY6YoETxWAMmgum/QjLBAhOl08zrENDyyavQqVaQ5lur0LzK4siBU3AGigCBC9AEN6AF2oCAR/AMXsGb8WS8GO/Gx6J1zchmTsAfGV8/bBqcGw==</latexit>



One Step in Matrix Terminology

26



In general

27



A First Try

28

length = 1, i.e., x(0) =

0

BBB@

x0

x1
...
xn

1

CCCA

||x(0)||2 =

s X

1in

x2
i = 1

<latexit sha1_base64="wRyJIxdk5IYSWcaPLcr8y0294TM="></latexit><latexit sha1_base64="wRyJIxdk5IYSWcaPLcr8y0294TM="></latexit><latexit sha1_base64="wRyJIxdk5IYSWcaPLcr8y0294TM="></latexit><latexit sha1_base64="wRyJIxdk5IYSWcaPLcr8y0294TM="></latexit>



Not too interesting …

The points seem to converge to a point. Not too surprisingly, it’s the centroid of the input points.
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Centroid remains unchanged

30

Centroid:

As                             it holds:eTMn = eT



A Second Try

31

x(0) =

0

BBB@

x0

x1
...
xn

1

CCCA

X

1in

xi = 0



What’s happening???
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Three test runs
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The points seem to converge to an ellipse with a 45-degree tilt 

1. What is the limiting ellipse and why the 45-degree tilt?
2. How long does it take to “converge”?
3. Does it always converge?
4. What is the inverse of the repeated polygon averaging process, and does it 

always exits?     

Experimental Mathematics 34



The ellipse can be computed in advance

Example: Polygon with 101 points

Step 1                                                   Step 100                                             Step 500       

35



Pre-Computation of the ellipse

Background:

The analysis is not trivial, and requires
• an understanding of the eigen-system of the matrix M 
• decomposition techniques (SVD- and Schur- decomposition)
• Interested? 

• Follow the wonderful von Neumann Price Lecture from Charles F. Van Loan 
• Read the (not so easy parts of the) paper 

“From Random Polygon to Ellipse: An Eigenanalysis”, Adam N. Elmachtoub and Charles F. van 
Loan

36



Pre-Computation of the ellipse

37

For a polygon with n points, define vectors c and s as follows (they form a orthonormal basis)



Pre-Computation of the “ellipse”

38

The polygon converges (at even even steps) to the closed polygon defined by vector u(0) and v(0)

Proof: paper! (Note, TYPO in paper)



Pre-Computation of the ellipse

39

Also in the paper: An understanding of the shape of the ellipse in terms of                      :             �1 and �2
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Backwards in Time?

40



Example: n=51 points. WTH?

Does M-1  always exist? No! Only for odd n.

[ For intuition on the non-existence of the inverse for even n, chose 4 random points (assume time step t) 
and try to infer 4 points (time t-1) which lead to the 4 points at time t. After being successful, try to find 
another 4 points which can lead to the same 4 points. After being successful, what does this tell us about the 
inverse of M?  ]
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An important note of caution
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We  learned that the centroids do not change (by mathematical proof!) 
When submitting a solution to the lab exercise, please (try to) check: is this true in your simulation? 
If not, how to “fix” it? ( -> enforce a mean(x)=0 and mean(y)=0 after each step? Is this a fix? No! But at least better.)

Numerical issues can be very complicated i.) to detect and ii.) to resolve!!



A Second Try
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Iteration with 9 points at step 0, 400, 
500, 600, and 700, without enforcing 
the mean to be 0. The simulation was 
done using            for increased 
simulation speed. 

Numerical Issues!
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