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• PCA is considered the “the mother of all methods in multivariate data analysis”
• Dimensionality reduction 
• Exploit linear dependencies in data
• PCA can be seen as a method to compute a new coordinate system formed by 

latent* variables, which is orthogonal, and where only the most informative 
dimensions are used.
• Dimension reduction by PCA is mainly used for 

• Visualization of multivariate data
• Transformation of highly correlating variables into a smaller set of uncorrelated 
• Separation of relevant information from noise 
• Combination of several variables that characterize a chemical-technological process
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Introduction and Motivational Example

*variables that are not directly observed but are rather inferred (through a mathematical model)



PCA finds a new coordinate system
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Nice visualization : http://setosa.io/ev/principal-component-analysis/

http://setosa.io/ev/principal-component-analysis/


New Dimensions are called Principal Components
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This transformation is defined in such a way that the first principal component has the largest possible variance 
(that is, accounts for as much of the variability in the data as possible), and each succeeding component in turn 
has the highest variance possible under the constraint that it is orthogonal to the preceding components.



Dimensionality Reduction 

Original (observed) data                                                           Projected data                            
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Mathematical Background

• Orthogonal Basis
• Linear Transformation
• Covariance Matrix
• And (we will use without proof):

• The inverse of an orthonormal matrix is its transpose (1)
• For any matrix A, ATA and AAT are symmetric. 
• A matrix is symmetric if and only if it is orthogonally diagonalizable. 
• A symmetric matrix is diagonalized by a matrix of its orthonormal eigenvectors, i.e., for any 

squared symmetric matrix A, there exists a diagonal matrix D, such that A = E D ET ,where the 
i-th column of E is the i-th eigenvector of E (special case of an SVD decomposition). The 
orthonormal column vectors of E span a space, and due to (1) E-1 = ET
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[ Presented on (virtual) blackboard. More details : page 3 of  A Tutorial on Principal Component Analysis (Jonathon 
Shlens) ]

Original data: X (m x n matrix)
P is the matrix that transforms X into Y
Y (m x n matrix) is the new representation of the data set

The rows of P are the new basis vectors 

Change of Basis – Linear Transformation
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Y = PX
<latexit sha1_base64="QiNBk/06eNDtYL0AdJeSe/cKyCQ=">AAAB7nicbZC7SgNBFIbPxluMt6ilzWAQrMKujTbBoI1lBHORZAmzk7PJkNnZZWZWCEvAV7CxUMTWN7G3822cXApN/GHg4//PYc45QSK4Nq777eRWVtfWN/Kbha3tnd294v5BQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbD60nefECleSzvzChBP6J9yUPOqLFW855USK1FusWSW3anIsvgzaF0+VmoPAJArVv86vRilkYoDRNU67bnJsbPqDKcCRwXOqnGhLIh7WPboqQRaj+bjjsmJ9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8vaqQkv/IzLJDUo2eyjMBXExGSyO+lxhcyIkQXKFLezEjagijJjL1SwR/AWV16GxlnZs3zrlqpXMFMejuAYTsGDc6jCDdSgDgyG8AQv8OokzrPz5rzPSnPOvOcQ/sj5+AH0cJAn</latexit><latexit sha1_base64="CLBWDKTulSaObzh2CMUcs7/ti0k=">AAAB7nicbZC7SgNBFIbPxltcb1FLm8EgWIVdG9MEgzaWEcxFkiXMTmaTIbOzw8ysEJY8hI2FIhY2vom9jfg2Ti6FJv4w8PH/5zDnnFBypo3nfTu5ldW19Y38pru1vbO7V9g/aOgkVYTWScIT1QqxppwJWjfMcNqSiuI45LQZDq8mefOeKs0ScWtGkgYx7gsWMYKNtZp3qIJqLdQtFL2SNxVaBn8OxYsPtyLfvtxat/DZ6SUkjakwhGOt274nTZBhZRjhdOx2Uk0lJkPcp22LAsdUB9l03DE6sU4PRYmyTxg0dX93ZDjWehSHtjLGZqAXs4n5X9ZOTVQOMiZkaqggs4+ilCOToMnuqMcUJYaPLGCimJ0VkQFWmBh7IdcewV9ceRkaZyXf8o1XrF7CTHk4gmM4BR/OoQrXUIM6EBjCAzzBsyOdR+fFeZ2V5px5zyH8kfP+A+X/kZs=</latexit><latexit sha1_base64="CLBWDKTulSaObzh2CMUcs7/ti0k=">AAAB7nicbZC7SgNBFIbPxltcb1FLm8EgWIVdG9MEgzaWEcxFkiXMTmaTIbOzw8ysEJY8hI2FIhY2vom9jfg2Ti6FJv4w8PH/5zDnnFBypo3nfTu5ldW19Y38pru1vbO7V9g/aOgkVYTWScIT1QqxppwJWjfMcNqSiuI45LQZDq8mefOeKs0ScWtGkgYx7gsWMYKNtZp3qIJqLdQtFL2SNxVaBn8OxYsPtyLfvtxat/DZ6SUkjakwhGOt274nTZBhZRjhdOx2Uk0lJkPcp22LAsdUB9l03DE6sU4PRYmyTxg0dX93ZDjWehSHtjLGZqAXs4n5X9ZOTVQOMiZkaqggs4+ilCOToMnuqMcUJYaPLGCimJ0VkQFWmBh7IdcewV9ceRkaZyXf8o1XrF7CTHk4gmM4BR/OoQrXUIM6EBjCAzzBsyOdR+fFeZ2V5px5zyH8kfP+A+X/kZs=</latexit><latexit sha1_base64="2OW7JVw2VQN6Y7hVEb62QwTXIG4=">AAAB7nicbZBNS8NAEIYn9avWr6hHL4tF8FQSL3oRil48VrAf0oay2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g1TwbXxvG+ntLa+sblV3q7s7O7tH7iHRy2dZIphkyUiUZ2QahRcYtNwI7CTKqRxKLAdjm9n9fYTKs0T+WAmKQYxHUoecUaNtdqP5Jo0OqTvVr2aNxdZBb+AKhRq9N2v3iBhWYzSMEG17vpeaoKcKsOZwGmll2lMKRvTIXYtShqjDvL5ulNyZp0BiRJlnzRk7v6eyGms9SQObWdMzUgv12bmf7VuZqKrIOcyzQxKtvgoygQxCZndTgZcITNiYoEyxe2uhI2ooszYhCo2BH/55FVoXdR8y/detX5TxFGGEziFc/DhEupwBw1oAoMxPMMrvDmp8+K8Ox+L1pJTzBzDHzmfP4U4jlo=</latexit>

Later, m will be the number of features/dimensions, n will be the number of samples  



Assuming A and B are mean 
centered:

�2
AB =

1

n

nX

i=1

aibi
<latexit sha1_base64="XiRLwrPL7j+FQQ8BiQcZYU9rQW8="></latexit><latexit sha1_base64="IPiO4kyz7ItlkfzALpO4VLzYglk="></latexit><latexit sha1_base64="IPiO4kyz7ItlkfzALpO4VLzYglk="></latexit><latexit sha1_base64="CuQjXZ1x1htS1QvyPiP1To7X4P8=">AAACH3icbVC7TsMwFHXKq5RXgJHFokJiqpIOwFKplIWxSPQhNW3kuE5r1XYi20GqovwJC7/CwgBCiK1/g9N2gJYj2Tr3nHtl3xPEjCrtODOrsLG5tb1T3C3t7R8cHtnHJ20VJRKTFo5YJLsBUoRRQVqaaka6sSSIB4x0gsld7neeiFQ0Eo96GpM+RyNBQ4qRNpJvX3mKjjgaVP30tpHVoBdKhFM3S0XmqYT7Ka252cBUECJTZDDI75Jvl52KMwdcJ+6SlMESTd/+9oYRTjgRGjOkVM91Yt1PkdQUM5KVvESRGOEJGpGeoQJxovrpfL8MXhhlCMNImiM0nKu/J1LElZrywHRypMdq1cvF/7xeosObfkpFnGgi8OKhMGFQRzAPCw6pJFizqSEIS2r+CvEYmYS0iTQPwV1deZ20qxXX8AenXG8s4yiCM3AOLoELrkEd3IMmaAEMnsEreAcf1ov1Zn1aX4vWgrWcOQV/YM1+ANPYos4=</latexit>

Mathematical Prerequisites - Covariance
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cov(A,B) = �2
AB =

1

n

nX

i=1

(ai � ā)
�
bi � b̄

�
A = {a1, . . . , an} B = {b1, . . . , bn}

a = (a1, . . . , an)
<latexit sha1_base64="AiOdcX3b/0uU1vLCtIRLCOVNSAY=">AAACBnicbZA9SwNBEIbn4nf8ilqKsChCRAl3NtoIQRtLBROFXDjmNnvJ4t7esbsnhCOVjT/D1sZCEVt/g53/xr0khUZfWHh4Z4adecNUcG1c98spTU3PzM7NL5QXl5ZXVitr602dZIqyBk1Eom5C1ExwyRqGG8FuUsUwDgW7Dm/Pivr1HVOaJ/LK9FPWjrErecQpGmsFlS0/RtMLoxwHJ1UMvAPii05i9AHBQO4FlR235g5F/oI3hp36tr//CAAXQeXT7yQ0i5k0VKDWLc9NTTtHZTgVbFD2M81SpLfYZS2LEmOm2/nwjAHZtU6HRImyTxoydH9O5Bhr3Y9D21ksrSdrhflfrZWZ6Lidc5lmhkk6+ijKBDEJKTIhHa4YNaJvAanidldCe6iQGptc2YbgTZ78F5qHNc/ypU3jFEaah03Yhip4cAR1OIcLaACFe3iCF3h1Hpxn5815H7WWnPHMBvyS8/ENZ3iZQA==</latexit><latexit sha1_base64="gR5Z5libMFW02Jo4hTewOpN6z6o=">AAACBnicbZDLSgMxFIYz9VbrrepShNAiVCxlxo1uhKIblxXsBTplOJNm2tBMZkgyQhm6cuMD+BJuXCji1mdw17cxvSy09YfAx3/OIef8fsyZ0rY9tjIrq2vrG9nN3Nb2zu5efv+goaJEElonEY9kywdFORO0rpnmtBVLCqHPadMf3EzqzQcqFYvEvR7GtBNCT7CAEdDG8vLHbgi67wcpjK5K4Dll7PJupFUZgydOvXzRrthT4WVw5lCsFtyz53F1WPPy3243IklIhSYclGo7dqw7KUjNCKejnJsoGgMZQI+2DQoIqeqk0zNG+MQ4XRxE0jyh8dT9PZFCqNQw9E3nZGm1WJuY/9XaiQ4uOykTcaKpILOPgoRjHeFJJrjLJCWaDw0AkczsikkfJBBtksuZEJzFk5ehcV5xDN+ZNK7RTFl0hAqohBx0garoFtVQHRH0iF7QG3q3nqxX68P6nLVmrPnMIfoj6+sHcOKaxg==</latexit><latexit sha1_base64="gR5Z5libMFW02Jo4hTewOpN6z6o=">AAACBnicbZDLSgMxFIYz9VbrrepShNAiVCxlxo1uhKIblxXsBTplOJNm2tBMZkgyQhm6cuMD+BJuXCji1mdw17cxvSy09YfAx3/OIef8fsyZ0rY9tjIrq2vrG9nN3Nb2zu5efv+goaJEElonEY9kywdFORO0rpnmtBVLCqHPadMf3EzqzQcqFYvEvR7GtBNCT7CAEdDG8vLHbgi67wcpjK5K4Dll7PJupFUZgydOvXzRrthT4WVw5lCsFtyz53F1WPPy3243IklIhSYclGo7dqw7KUjNCKejnJsoGgMZQI+2DQoIqeqk0zNG+MQ4XRxE0jyh8dT9PZFCqNQw9E3nZGm1WJuY/9XaiQ4uOykTcaKpILOPgoRjHeFJJrjLJCWaDw0AkczsikkfJBBtksuZEJzFk5ehcV5xDN+ZNK7RTFl0hAqohBx0garoFtVQHRH0iF7QG3q3nqxX68P6nLVmrPnMIfoj6+sHcOKaxg==</latexit><latexit sha1_base64="mFLz8hZevuwLx5t1R6H43L0KEYE=">AAACBnicbZDLSsNAFIYn9VbrrepShMEiVCglcaMboejGZQV7gaaEk+mkHTqZhJmJUEJXbnwVNy4UceszuPNtnLRZaOsPAx//OYc55/djzpS27W+rsLK6tr5R3Cxtbe/s7pX3D9oqSiShLRLxSHZ9UJQzQVuaaU67saQQ+px2/PFNVu88UKlYJO71JKb9EIaCBYyANpZXPnZD0CM/SGF6VQXPqWGXDyKtahg8ceaVK3bdngkvg5NDBeVqeuUvdxCRJKRCEw5K9Rw71v0UpGaE02nJTRSNgYxhSHsGBYRU9dPZGVN8apwBDiJpntB45v6eSCFUahL6pjNbWi3WMvO/Wi/RwWU/ZSJONBVk/lGQcKwjnGWCB0xSovnEABDJzK6YjEAC0Sa5kgnBWTx5GdrndcfwnV1pXOdxFNEROkFV5KAL1EC3qIlaiKBH9Ixe0Zv1ZL1Y79bHvLVg5TOH6I+szx9U+Ze3</latexit>

b = (b1, . . . , bn)
<latexit sha1_base64="AD1uPu80VeaZq11luneaEcn5zYU=">AAACBnicbZDLSsQwFIZPx9s43qouRQiKoChD60Y3wqAblyM4F5iWkmRSDaZpSVJhKLNy42O4deNCEbc+gzvfxnRmFt5+CHz85xxyzk8ywbXxvE+nMjU9MztXna8tLC4tr7ira22d5oqyFk1FqroEaya4ZC3DjWDdTDGcEME65OasrHdumdI8lZdmkLEwwVeSx5xiY63I3QwSbK5JXJDhyS6J/AMUiH5q9AEikdyL3G2v7o2E/oI/ge3GVrD/AADNyP0I+inNEyYNFVjrnu9lJiywMpwKNqwFuWYZpjf4ivUsSpwwHRajM4Zoxzp9FKfKPmnQyP0+UeBE60FCbGe5tP5dK83/ar3cxMdhwWWWGybp+KM4F8ikqMwE9bli1IiBBUwVt7sieo0VpsYmV7Mh+L9P/gvtw7pv+cKmcQpjVWEDtmAXfDiCBpxDE1pA4Q4e4RlenHvnyXl13satFWcysw4/5Lx/AWwrmUM=</latexit><latexit sha1_base64="VqQjSe3vcUjxYyOTEw6zvaK6nIs=">AAACBnicbZDLSgMxFIYz9VbrrepShNAiVCxlxo1uhKIblxXsBTrDkKSZNjSTGZKMMAxdufEBfAk3LhRx6zO469uYXhba+kPg4z/nkHN+HHOmtG2PrdzK6tr6Rn6zsLW9s7tX3D9oqSiRhDZJxCPZwUhRzgRtaqY57cSSohBz2sbDm0m9/UClYpG412lMvRD1BQsYQdpYfvHYDZEe4CDDo6sK9p0qdHkv0qoKsS9O/WLZrtlTwWVw5lCul9yz53E9bfjFb7cXkSSkQhOOlOo6dqy9DEnNCKejgpsoGiMyRH3aNShQSJWXTc8YwRPj9GAQSfOEhlP390SGQqXSEJvOydJqsTYx/6t1Ex1cehkTcaKpILOPgoRDHcFJJrDHJCWapwYQkczsCskASUS0Sa5gQnAWT16G1nnNMXxn0rgGM+XBESiBCnDABaiDW9AATUDAI3gBb+DderJerQ/rc9aas+Yzh+CPrK8fdZWayQ==</latexit><latexit sha1_base64="VqQjSe3vcUjxYyOTEw6zvaK6nIs=">AAACBnicbZDLSgMxFIYz9VbrrepShNAiVCxlxo1uhKIblxXsBTrDkKSZNjSTGZKMMAxdufEBfAk3LhRx6zO469uYXhba+kPg4z/nkHN+HHOmtG2PrdzK6tr6Rn6zsLW9s7tX3D9oqSiRhDZJxCPZwUhRzgRtaqY57cSSohBz2sbDm0m9/UClYpG412lMvRD1BQsYQdpYfvHYDZEe4CDDo6sK9p0qdHkv0qoKsS9O/WLZrtlTwWVw5lCul9yz53E9bfjFb7cXkSSkQhOOlOo6dqy9DEnNCKejgpsoGiMyRH3aNShQSJWXTc8YwRPj9GAQSfOEhlP390SGQqXSEJvOydJqsTYx/6t1Ex1cehkTcaKpILOPgoRDHcFJJrDHJCWapwYQkczsCskASUS0Sa5gQnAWT16G1nnNMXxn0rgGM+XBESiBCnDABaiDW9AATUDAI3gBb+DderJerQ/rc9aas+Yzh+CPrK8fdZWayQ==</latexit><latexit sha1_base64="5AgnaSLuSqPakS1JfNTpXib79/w=">AAACBnicbZDLSsNAFIYn9VbrrepShMEiVCglcaMboejGZQV7gSaEmcmkHTqZhJmJUEJXbnwVNy4UceszuPNtnLRZaOsPAx//OYc558cJZ0rb9rdVWlldW98ob1a2tnd296r7B10Vp5LQDol5LPsYKcqZoB3NNKf9RFIUYU57eHyT13sPVCoWi3s9SagXoaFgISNIG8uvHrsR0iMcZnh6Vce+04AuD2KtGhD74syv1uymPRNcBqeAGijU9qtfbhCTNKJCE46UGjh2or0MSc0Ip9OKmyqaIDJGQzowKFBElZfNzpjCU+MEMIyleULDmft7IkORUpMIm858abVYy83/aoNUh5dexkSSairI/KMw5VDHMM8EBkxSovnEACKSmV0hGSGJiDbJVUwIzuLJy9A9bzqG7+xa67qIowyOwAmoAwdcgBa4BW3QAQQ8gmfwCt6sJ+vFerc+5q0lq5g5BH9kff4AWayXug==</latexit>

�2
ab =

1

n
ab

<latexit sha1_base64="/NK7G7G6w7oIktwHSEptakZFmbg=">AAACK3icbZDLSsNAFIZPvNZ6q7p0M1gEVyXpxm6EUjcuK9gLNLVMppN26GQSZiZCCXkfN76KiC68ILjyPZy0FbTtDwMf/zmHOef3Is6Utu13a2V1bX1jM7eV397Z3dsvHBw2VRhLQhsk5KFse1hRzgRtaKY5bUeS4sDjtOWNLrN6645KxUJxo8cR7QZ4IJjPCNbG6hVqrmKDAN+We4kbYD30/ASnv+Sl6QVyfYlJ4qSJSNGylnyvULRL9kRoEZwZFKuVrycEAPVe4dnthyQOqNCEY6U6jh3pboKlZoTTNO/GikaYjPCAdgwKHFDVTSa3pujUOH3kh9I8odHE/TuR4ECpceCZzmxFNV/LzGW1Tqz9SjdhIoo1FWT6kR9zpEOUBYf6TFKi+dgAJpKZXREZYpONNvFmITjzJy9Cs1xyDF+bNGowVQ6O4QTOwIFzqMIV1KEBBO7hEV7hzXqwXqwP63PaumLNZo7gn6zvH+rQq4I=</latexit><latexit sha1_base64="rrIwQjGKhKMwvAclxP2Min3KscI=">AAACK3icbZDLSsNAFIYnXmu9RV2IuBksgquSdGM3QqkblxXsBZoaJtNJO3QyCTMToYS8jxtfRUQXahFcCT6Gk7aCtv1h4OM/5zDn/F7EqFSW9W4sLa+srq3nNvKbW9s7u+befkOGscCkjkMWipaHJGGUk7qiipFWJAgKPEaa3uAyqzfviJA05DdqGJFOgHqc+hQjpS3XrDqS9gJ0W3ITJ0Cq7/kJSn/JS9ML6PgC4cROE57CRS151yxYRWssOA/2FAqV8ufT4ej7qOaaz043xHFAuMIMSdm2rUh1EiQUxYykeSeWJEJ4gHqkrZGjgMhOMr41hafa6UI/FPpxBcfu34kEBVIOA093ZivK2VpmLqq1Y+WXOwnlUawIx5OP/JhBFcIsONilgmDFhhoQFlTvCnEf6WyUjjcLwZ49eR4apaKt+VqnUQUT5cAxOAFnwAbnoAKuQA3UAQb34BG8gjfjwXgxRsbHpHXJmM4cgH8yvn4AWjitVA==</latexit><latexit sha1_base64="rrIwQjGKhKMwvAclxP2Min3KscI=">AAACK3icbZDLSsNAFIYnXmu9RV2IuBksgquSdGM3QqkblxXsBZoaJtNJO3QyCTMToYS8jxtfRUQXahFcCT6Gk7aCtv1h4OM/5zDn/F7EqFSW9W4sLa+srq3nNvKbW9s7u+befkOGscCkjkMWipaHJGGUk7qiipFWJAgKPEaa3uAyqzfviJA05DdqGJFOgHqc+hQjpS3XrDqS9gJ0W3ITJ0Cq7/kJSn/JS9ML6PgC4cROE57CRS151yxYRWssOA/2FAqV8ufT4ej7qOaaz043xHFAuMIMSdm2rUh1EiQUxYykeSeWJEJ4gHqkrZGjgMhOMr41hafa6UI/FPpxBcfu34kEBVIOA093ZivK2VpmLqq1Y+WXOwnlUawIx5OP/JhBFcIsONilgmDFhhoQFlTvCnEf6WyUjjcLwZ49eR4apaKt+VqnUQUT5cAxOAFnwAbnoAKuQA3UAQb34BG8gjfjwXgxRsbHpHXJmM4cgH8yvn4AWjitVA==</latexit><latexit sha1_base64="BZFiuTNauViB4I9e9rdNSQ8sKFI=">AAACK3icbZDLSsNAFIYn9VbrLerSzWARXJWkG90IpW5cVrAXaGqYTCft0JlJmJkIJeR93PgqLnThBbe+h5M2grb9YeDjP+cw5/xBzKjSjvNhldbWNza3ytuVnd29/QP78KijokRi0sYRi2QvQIowKkhbU81IL5YE8YCRbjC5zuvdByIVjcSdnsZkwNFI0JBipI3l201P0RFH93U/9TjS4yBMUfZLQZZdQS+UCKdulooMrmqp+HbVqTkzwWVwC6iCQi3ffvGGEU44ERozpFTfdWI9SJHUFDOSVbxEkRjhCRqRvkGBOFGDdHZrBs+MM4RhJM0TGs7cvxMp4kpNeWA68xXVYi03V9X6iQ4vBykVcaKJwPOPwoRBHcE8ODikkmDNpgYQltTsCvEYmWy0iTcPwV08eRk69Zpr+NapNppFHGVwAk7BOXDBBWiAG9ACbYDBI3gGb+DderJerU/ra95asoqZY/BP1vcP1wWpOw==</latexit>

Assuming (mean-centered) row 
vectors for a and b:

[ Bessel’s correction: n-1 in the denominator, see https://en.wikipedia.org/wiki/Bessel%27s_correction ]

https://en.wikipedia.org/wiki/Bessel%27s_correction


Covariance Matrix

Assume data (m types of measurements) given as  

Each row of X corresponds to all m measurements of a particular type. Each column of 
X corresponds to a set of all n measurements from one particular trial. 

Covariance Matrix : 
9

CX =
1

n
XXT

captures the covariance between all 
possible pairs of measurements. The 
covariance values reflect the noise and 
redundancy in our measurements. 

X =

2

64
x1
...

xm

3

75

X = [x1 . . .xm]
<latexit sha1_base64="wAJ8jNT9AWsWeR7ZtyWLAlGlaUc="></latexit><latexit sha1_base64="wAJ8jNT9AWsWeR7ZtyWLAlGlaUc="></latexit><latexit sha1_base64="wAJ8jNT9AWsWeR7ZtyWLAlGlaUc="></latexit><latexit sha1_base64="wAJ8jNT9AWsWeR7ZtyWLAlGlaUc="></latexit>

A note of caution, sometimes the role of column and 
row (type of measurement/samples) is switched. 
Obviously, then:

CX =
1

n
XTX
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Properties of the Covariance Matrix
• CX is a square symmetric m × m matrix (m is the number of features)
• The diagonal terms of CX are the variance of particular measurement types. 
• The off-diagonal terms of CX are the covariance between measurement types. 
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Example: Physics and Statistics grade [0-100 points], measured for 100 students



Iris Example (150 samples, 50 from 3 different species)
https://en.wikipedia.org/wiki/Iris_flower_data_set
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Data given as a matrix of size
      samples x features 
      n x m
      150 x 4 

 X = [x1 . . .xm]
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https://en.wikipedia.org/wiki/Iris_flower_data_set


Question!

Pretend we have the option of manipulating the covariance matrix CX (by a change of 
basis such that X will be transformed into Y, i.e., Y = PX). We will define our 
manipulated covariance matrix CY. What features do we ideally want to have in CY? 

• All off-diagonal terms in CY should be zero. Thus, CY must be a diagonal matrix. 
Or, said another way, Y is de-correlated. 
• Each successive dimension in Y should be rank-ordered according to variance. 

Can we find some orthonormal matrix P in Y = PX such that

is a diagonal matrix?
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YES!

[ Presented on blackboard. More details : page 3 of  A Tutorial on Principal Component Analysis (Jonathon Shlens) ]
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We select the matrix P to be a matrix where
each row pi is an eigenvector of 1

nXXT , i.e., P = ET
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CY = P · CX · PT

= P · E ·D · ET · P
= ET · E ·D · ET · E
= E�1 · E ·D · E�1 · E
= D
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PCA in Python (numpy only)



Iris Dataset - Exploratory Visualization ( https://en.wikipedia.org/wiki/Iris_flower_data_set )

https://sebastianraschka.com/Articles/2015_pca_in_3_steps.html
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The three classes in the 
Iris dataset are:

Iris-setosa (n=50), blue
Iris-versicolor (n=50), green 
Iris-virginica (n=50), red

https://en.wikipedia.org/wiki/Iris_flower_data_set
https://sebastianraschka.com/Articles/2015_pca_in_3_steps.html


Standardizing: 

Since PCA yields a feature subspace that maximizes the variance along the axes, it 
makes (often) sense to standardize the data, especially, if it was measured on 
different scales. -> mean 0, variance 1

Covariance Matrix:
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Diagonal not 1? -> Bessel



Eigenvectors (the Principal Components, see matrix P of the transformation)
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Another note of caution:



Sorting Eigenvectors
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Explained variance in dataset:The 
first two principal components 
contain 95.8% of the information.



Projection onto the new feature space
Here, we are reducing the 4-dimensional feature space to a 2-dimensional feature 
subspace, by choosing the “top 2” eigenvectors 
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Projection onto the new feature space:
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All in one go (here: sklearn)
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https://scikit-learn.org/
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https://scikit-learn.org/


Eating in the UK (a 17d example)
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Northern Irish eat way more grams of fresh 
potatoes and way fewer of fresh fruits, cheese, 
fish and alcoholic drinks.

1d and 2d Score Plot:



PCA on pictures. Let’s start with 64x64 dimensions.

1. Obtain images
2. Represent every image as vector
3. Compute the average face 
4. Subtract the average face 
5. Compute the covariance matrix
6. Use a SVD decomposition / computation of eigenvectors
7. Project picture into eigenface-space and measure distance
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We will use OpenCV (via Python bindings)

OpenCV (Open Source Computer Vision Library) is an open 
source computer vision and machine learning software 
library.  https://opencv.org/

https://opencv.org/about.html


Eigenfaces (eigenvectors / principal components, visualized)
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= 0.3845*                 -0.5435*                 +0.0345*                  -0.74645*                 +…



Using n=50 principal components
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Original                                                                                                 Weighted combination of n eigenfaces 



Using n=100 principal components
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Original                                                                                                 Weighted combination of n eigenfaces 



Using n=250 principal components
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Original                                                                                                 Weighted combination of n eigenfaces 



Eigenface space: origin is the average face, and axes are the eigenfaces. 
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Projection onto eigenface space.

…and using the distance to the eigenface space for classification
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Example, using a 10 dimensional eigenface space:
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Note: each picture is represented with 10, instead of 
96768 numbers (but of course there is quality loss) 

Back projection:



Online Demonstration
based on https://www.learnopencv.com/eigenface-using-opencv-c-python/

Here: Using the square root of the sum of squared absolute distances (10-dimensional eigenface space).
Which was the dog?
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https://www.learnopencv.com/eigenface-using-opencv-c-python/


Online Demonstration

Here: 100-dimensional eigenface space.
Which was the dog?
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Conclusion

• PCA: a very important statistical procedure (some might say machine learning 
method) for dimensionality reduction.
• Revealing the internal structure of the data in a way that best explains the 

variance in the data.
• Used in (as such or as a basis for) a whole range of application scenarios, such as 

stock market predictions, the analysis of gene expression data, neuroscience, 
chemical compound analysis, and many many more.

Visual Intro: http://setosa.io/ev/principal-component-analysis/
A Pyhton based PCA tutorial (sklearn): https://sebastianraschka.com/Articles/2015_pca_in_3_steps.html
Eigenfaces with OpenCV: https://www.learnopencv.com/eigenface-using-opencv-c-python/
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http://setosa.io/ev/principal-component-analysis/
https://sebastianraschka.com/Articles/2015_pca_in_3_steps.html
https://www.learnopencv.com/eigenface-using-opencv-c-python/

